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CT 1 . Abstract 
u 

In this article we study closed inflationary universe models by means of a tachyonic field. We 
described a general treatment for created a universe with £1 > 1 in patch cosmology, which is able 

> 

to represent General Relativity, Gauss-Bonnet or Randall-Sundrum patches. We use recent data 

m ' 

OO . from astronomical observations to constrain the parameters appearing in our model. 
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I. INTRODUCTION 



Recent observations from the Wilkinson Microwave Anisotropy Probe (WMAP) 
[J together with the accurate measurement of the first acoustic Doppler peak of Cosmic 
Microwave Background (CMB) are consistent with a universe having a total energy 

density very close to its critical value (Q = 1.02 ± 0.04) 

as 

. Most people interpret this 

value as the one corresponding to a flat universe, which is in agreement with the standard 
inflationary prediction [7|. However, this value might also agree with an alternative point 
of view of having a marginally open [§| or closed universe with an inflationary period 
of expansion at early time. Indeed, it may be interesting to consider inflationary universe 
models in which the spatial curvature is considered. Therefore, it is interesting to check 
if the flatness in the curvature, as well as in the spectrum, are indeed reliable and robust 
predictions of inflation {9}. 

Nowadays there is a growing interest in the phenomena described by braneworld sce- 
narios as a mechanism to localize gravity on them, achieved through a fine-tuning of the 
brane tension to the bulk cosmological constant lOj. In this way, the brane model modifies 
substantially the Friedmann-Robertson- Walker (FRW) Cosmology. 

When brane inflation is considered in the high energy region it is expected to find impor- 
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tant deviations from the standard results in General Relativity 
Furthermore, as the Gauss-Bonnet (GB) term modifies the Friedmann equation, it is worth 
to investigate its effects on the inflationary processes. In order to compare these different ap- 
proaches, we propose a general formulation of inflation for a universe dominated by tachyon 
matter. 

Rolling tachyon matter is associated with unstable D-branes B] and cosmological im- 
plications of this rolling tachyon were first studied by Gibbons [20j. In recent years, the 



possibility of an inflationary phase described by the 



considered in a quite diverse topics [21 
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of a tachyon field has 



been 
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and in open and closed inflationary scenarios in Refs. 36j, 

In this paper we studied closed inflationary universe models where inflation is driven by 
a tachyon field. We consider that the matter content is confined to a four dimensional brane 
which is embedded in a five dimensional bulk with a Gauss-Bonnet term. 

We follow the approach originally developed by Linde 9J for inflation generated by a 
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standard scalar field in General Relativity. 

The paper is organized as follows: In Sect. 2 we present the patch cosmo logical equations 
in the tachyon model. In Sect. 3 we determine the characteristic of a closed inflationary 
universe model with a constant potential. In Sect. 4 we study a closed inflationary scenario 
with an exponential potentials. We also, determine the corresponding density perturbations 
for our model. Finally, in Sect. 5 we summarize our results. 



II. PATCH COSMOLOGICAL EQUATIONS IN THE TACHYON MODELS 

We start with the five- dimensional bulk action for the Gauss-Bonnet braneworld: 



S =— I d h x^/=gi{R - 2A 5 + a (R^ xp R^ 

2/^5 Jbulk 

- AR^R^ + R 2 ) } + f d A x^l (C 

J brane 



■"matter 



(1) 



where A5 = — 3p 2 (2 — Aap 2 ) is the cosmological constant in five dimensions, with the AdS§ 
energy scale p. = l/l, a is the GB coupling constant, and k\ = 87r/m| is the five dimensional 
gravitational coupling constant and a is the brane tension. In the most standard scenario 
^■matter describes a matter content associated to a scalar field, whose dynamics is determined 
by the Klein-Gordon equation. However, in recent models motivated by string theory, other 
non-standard scalar field actions have been used in cosmology. In this context the deep 
interplay between small-scale non-perturbative string theory and large-scale brane-world 
scenarios has raised the interest in a tachyon field applied to the inflationary mechanism. 
We consider that C ma tter describes the dynamics of a tachyon field on the brane. 



For a FRW metric, the exact Friedmann-like equation is given by 
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H 2 k 
2p\\ 1 + — (3 - Aap 2 + 8aH 2 ) + — = k\ (p + a) 

jJL Qj 



(2) 



where p represents the energy density of the matter sources on the brane, a is the scale factor, 
and k = 0, +1,— 1 represents flat, closed or open spatial section, respectively. Despite the 
rather complicated form of Eq. (j2J), it is possible to make progress if we use the dimensionless 
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4l| 



kKp + o) 



"2(1 -Aap 
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sinh x ■ 



(3) 
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The Friedmann equation can be written as 



H =7- 
4a 



1 - 4a//) cosh ( ^1-1 



(4) 



where x represent a dimensionless measure of the energy density. The modified Friedmann 
equation (J3|, together with Eq. ([3]), ensure the existence of one characteristic Gauus-Bonnet 
energy scale, 

"2(1 -4a// 2 ) 3 



OLKl 



1/8 



(5) 



such that the GB high energy regime (x ^> 1) occurs if p + a ^> m A a . Considering the GB 
term in the action (CQ) as a correction to Randall-Sundrum gravity, then m a is greater than 
the Randall-Sundrum energy scale m a = a 1 / 4 , marks the transition to Randall-Sundrum 
high-energy corrections to 4D general relativity. Expanding Eq. (00) in x an d using ([3]), we 
find in the full theory three regimes for the dynamical history of the brane universe, 
• Gauss-Bonnet regime (5D), 



p > m a = 
Randall-Sundrum regime (5D), 

m 4 > p > a 
Einstein-Hilbert regime (4D), 
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Clearly Eqs. (jSJ), ©, and (|SJ) are much simpler than the full Eq. (j5J) and in a practical case 



one of the three energy regimes will be assumed. Therefore, patch cosmo^ 
to describe the universe in a region of time and energy in which 
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where H = a/ a is the Hubble parameter and q is a patch parameter that describe the different 
cosmological model under consideration. That is, choosing q = 1 we have the standard 
General Relativity with Ki = 87r/3mp, where m p is the four dimensional Planck mass. If we 
take q = 2, we have the high energy limit of brane world cosmology, in which k,2 = 4:ir/3am 2 . 
Finally, for q = 2/3, we have the GB brane world cosmology, with k 2 /3 = ( K 5/16a) 2//3 , being 



^5 the 5.D gravitational coupling constant and a = l/8g s is the GB coupling (g s is the string 
energy scale). In brane world cosmology in five dimensions the matter is confined to a four- 
dimensional brane, while gravity can propagate into the bulk. On the other hand, the energy 
conservation equation on the brane follows directly form the Gauss-Codazzi equations and, 
it is reduce to the usual form, 

p + 3H(p + P) = 0, (10) 

where p and P represents the energy and the pressure densities, respectively. 

When Cmatter described the dynamics of the tachyon field, the expression for p and P are 

m 

- y( iL, (id 



v ' 

and 



P = -V{<P)\jl-4>\ (12) 

respectively, where V(<p) is the scalar tachyonic potential. The energy conservation (fTUj) can 
be written as 

-JL-_3*4_ JL*M (13) 
~ a V{cj>) dtp ■ {U) 

On the other hand, from the effective Friedmann equation (Q we obtain the equation of 
motion for the scale factor, 



a = a>K q p q 1 



P ( 1 ~ o9 J - \(l p 



2 1 2 



(14) 



where the dot denotes derivative with respect to the time t. For convenience we will use 
units in which c = fi = 1. 



III. CONSTANT POTENTIAL 

Following the treatment developed in Refs. ji| and {3^] , we can study a closed inflationary 
universe, where inflation is driven by the tachyon field. Let us start by consider a simple 
model with the following step-like effective tachyon potential: V{4>) — Vq — constant for 
> 00; an d V(4>) is extremely steep for < O . We consider the birth of an inflating closed 
universe which can be created "from nothing" in a state where the tachyon field takes the 
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value (pi n < <fto at the point in which a = 0, <fi = 0. The potential energy density in this 
point is V((j)i n ) . We consider a first phase where the tachyon field instantly falls down to 
the value 4>q. Since this process happens nearly instantly we can consider a = 0, so that the 
tachyon field arrives to the end of this first stage with a velocity given by: 

where we have considered the positive sign of the square root because the tachyon field 
increase during this process. 

We can see from Eq. (1141) . that the condition a = is satisfied if 

P { l -\ q ) = l qR (16) 

With the suitable replacing, this means that we have three different scenarios, related to the 
following conditions: 



a = 0^4 = -, (17) 
3q 

a < 0^>|-, (18) 
oq 

a > & $ < — , (19) 

where the first condition implies, if initially a = 0, then the universe remain static and the 
tachyon field moves with constant speed given by Eq. ffl5l) . In the second condition the 
universe starts to move with negative acceleration (a < 0) from the state a = and the 
tachyon field equation describing negative friction, so that the field moves faster, and thus 
a becomes more negative. This universe rapidly collapses. In the last condition, we have 
a > 0, and the universe enters into an inflationary stage. 

From now on, we will consider the patch cosmological equations of motion ffl3l) and 
(fl4|) in the cases where the condition a > is satisfied. Note that, in the regimen where 
V((f)o) = Vq = const., the solution of the scalar field equation ( Tl3l) . results in: 
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where C(l — 0o)/(^o a o)- Due to this, the evolution of the universe rapidly falls into an 
exponential regimen (inflationary stage) where the scale factor becomes a ~ e Hot , with 
Hubble parameter given by H - 



' ' K q Vq. We can now integrate Eq. fpZOl) and obtains 
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inf 



In 



This means that when the universe enters in to the inflationary stage, the tachyon field 
moves by the amounts A(p in f and then stop. 

At early time, before inflation takes place, we can write conveniently the equation for the 
scale factor as follows: 

'd(t) = 2n 1 V a(t)P(t). (22) 
Here, we have introduced a small time-dependent dimensionless parameter f3(t): 



0{t) 



l K q P q - 1 r 



l>{l+ 3 - q )- 3 - q p 



2«i V 

or, by using suitable variables in terms of the tachyon field, we obtain 



(23) 



P(t) = l Kq 



9-1 



(24) 



2 Ki (1-02)9/2 _ 

note that (3{t) -> when 2 (t) -> 2/3g. 

Now we proceed to make an analysis for the model in the case f3(0) = /3q <S 1. At the 
beginning of the process we have a(t) ~ ao and /3(t) ~ /3q. Then, Eq. (1221) takes the form: 



o(t)2«i a ^ , 



(25) 



and thus 

a(t) = a (l + /€ /5 K)t 2 ). (26) 

From Eqs. ( 1201) and ( f26l) we find that at a time interval where (3{t) becomes twice as 
large as /3 , Ati is given by 



At! 



'7/2 



3g« ff 0g(l + |(g-2)^ 



1/2 



(27) 



consequently the tachyonic field increases by the amount 



where we have kept only the first term in the expansion of At\. Note that this result 
depends on the values of the patch parameter q and on Vo and the increase of the tachyonic 
field is less restrictive than the standard scalar field, in which A(j) 1 = const. ~ — 1/ (2v / 37r) 
9|. After the time At 2 ~ At 1; where now the tachyonic field increases by the amount 
A<f) 2 ~ A<pi, the growth rate of a(t) also increases. This process finishes when (5{t) — *> /3f, 
where j3f = n q V^ 1 /{2ki). Since, at each interval AU the value of j3 doubles, the number 
of intervals rimt after which j3(t) — > /?/ is 

_ hi/?/ -hi & 
n mt - — . (29) 

Therefore, if we know the initial velocity of the tachyon, we can estimate the value of the 
tachyon field at which inflation begins by means of the expression 

fe/~^ + i ^(M/-Mo)^==. (30) 

This expression indicates that our result for <pi n f is sensitive to the choice of particular value 
of the patch parameter and of the potential energy Vo, apart from the initial velocity of the 
tachyonic field <ft immediately after it rolls down to the plateau of the potential energy. Note 
that in the special case where q = 1 we reproduce the previous results for (p in f obtained in 



Ref. 



37] . 



Now let us study the implications of these results for the theory of quantum creation 
of a closed inflationary universe in this model. The probability of the creation of a closed 
universe from nothing was computed in Ref. and can be written as 



P~exp[-A)/(Vo,/c,)], (31) 

where f(Vo,K q ) is a function of the Vo and the parameter K q . This expression tells us that 
the probability of creation of the universe with A ^ is not exponentially suppressed if 
A) < A) < ^mJ, and A < Ml ^ /3 /(2tt 2 ) for q = 1, q = 2 and q = 2/3, respectively. 

IV. EXPONENTIAL POTENTIAL IN PATCH COSMOLOGIES 

In order to consider a more standard tachyonic model we are going to study a patch 
cosmologies in which the effective potential is given by 
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V(<f>) ~Ae- x<t> , 



(32) 



here A (A > 0, in units M p ) is related to the tachyon mass 21], and A represents a free 
parameter, that can be tuned by the observations. We will also assume that the effective 
potential sharply rises to indefinitely large values in the vicinity of = </>o, see FigJTJ 



x 10 




x 10 u 



FIG. 1: Tachyonic potential as a function of the tachyon field (p. The values of the parameters 
were chosen as A = 1CT 7 k~ 2 and A = 10 _5 k -1 / 2 , in units k = 8irG = 87r/M 2 = 1. 

The whole process is composed by different stages. The first stage corresponds to the 
creation of the closed universe "from nothing" in a state where the tachyon field takes the 
value 4>j n < 4>o at the point in which a = 0, = 0, and where the potential energy is 



V(4>i n ) 37| . If the effective potential for < 0o grows very sharply, then the tachyon field 
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instantly falls down to the value (f>o, with potential energy V(0o)j an d the initial potential 
energy becomes converted to kinetic energy. Then, we find </>q = 1 — ( y^^ j ■ 

Following the discussion of the previous section we assume that the initial condition 



< y is satisfied. In terms of the potential this condition reads 



^<^< 1 - < 33 > 

3g V(<j) in ) 

which ensures that the patch cosmology enters to an inflationary regimen. As it was men- 
tioned previously, in all other cases the universe either remains static or it collapses rapidly. 

The other steps are described by Eqs. (jl3p and (1141) in the interval <fi > <po with initial 
conditions <fi = 0o> a — a o an d a — 0. In particular, the second part of the process 
corresponds to the motion of the tachyon field before the beginning of the inflation stage, 
and it is well described by the following approximated field equations of motion: 



<P _ 3 a 
1-6 2 a 



(34) 



a = 2K 1 aV((f)) /3(t), 



(35) 



where (3(t) satisfies the constraint /3(t) <C 1, as before. 

The last statement corresponds to the stage of inflation where <fi is small enough and 
the scale factor a(t) grows up exponentially. This period is well described by the following 



equations of motion [47|, |48| |: 



_ 1_ dV 

a = K q a V((f)) q . 



2, a - 

a 



(36) 
(37) 



Let us consider the second stage in a more detailed way. After the scheme of section IIHI 
we can solve the equation for a(t) by considering j3(t) 1. Then, at the beginning of the 
process, when a w ao and /3 ~ flo, the increment of the tachyon field during the time At, 
which makes the value of (3 twice as great as /? , is A0 fa (3 q K q V A (0 O ) 9 ) _1//2 - This process 
continues until <fi is small enough so that the universe begins to expand in an exponential 
way, which characterizes the inflationary era. We assume that inflation begins when j3(t) 
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approaches to /?/, where (3f = K q V(4>o) q 1 /(2k\). Then, according to our previous result, 
the tachyon field gets the value 



<Pinf ~ 0o + 7^ (ln/3/ - In A)) , =T77X^ - 
lnZ ^3qK q V{(p )i 

During inflation, the scalar factor is given by 

a a V. J 4,0 dV/d<p 

and the corresponding N e-folds results to be: 



(38) 



(39) 
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V{<j>. 



infj 



v, 



f 



(40) 



where Vf = V(<f>f) = (q \ 2 / { l oK q )) 1 ^ q is the value of the tachyon potential at the end of 
inflation [481 ]. 

Then, by using Eqs. (l38l and (jlDjl we can relate the value of (3q with the number of e-folds, 

N: 



«5 ^((^c 



\q-l 



2«1 



gA 2 (2iV+ 1) 



' In 2 



) ^3qn q V{<t>o) 



(41) 



6^ V(0 O )<? 

Note that, in the case g = 1, we recover the previous result obtained in Ref. [37]. 

Let us assume for definiteness that for N = 60 one would have Q = 1.1. Then one can 
show that for N = 59.5 and the same value of the Hubble constant one would have Q ~ 1.3 
0, [l?! • In order to have the value of f2 in the range 1 < H < 1.1 we require a fine tuning of 
the value of V((po). 

Now, we are going to compute the value of the scalar field <po- For this, we consider the 
mass of the tachyon to be A = lO -5 /? -1 / 2 and the number of e-folds iV = 60. Then, for 
the case q — 1 and if we assume O ~ 10 5 /t 1/ ' 2 J! then in order to satisfy /3 < V{4>q)/M^ we 
have (3q < 2 x 10~ 10 . Following Refs.Q] and {3^ we see that the probability to begin with 
the value f3 <C 2 x 10~ 10 is suppressed due to the small phase space corresponding to this 
value of Pq. Thus, it is most probable to have /3q ~ 2 x 10~ 10 , and in this case, if we set 
0o — 11 x lO 5 ^ 1 / 2 , which satisfies the condition (3q < V((f>o)/Mp, we obtain N = 60 which 
correspond to Q — 1.1. On the other hand, if we take (fio = 0.5 x 10 5 k 1//2 , we get N = 171 
and the universe becomes flat. In the case q = 2, following the same argument as before, 
we have (3q ~ 10 -12 then, for N = 60 which correspond to fi = 1.1, we set O — 3 x lO 5 /? 1 / 2 . 
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For q = 2/3 we have (3$ ~ 10~ n and (fi ~ 1.5 x lO 5 /? 1 / 2 . We would like to note that the only 
way to obtain inflationary universe with Q > 1 is to assume that the universe inflated only 
by about e 60 times. In order to explain this point we assume that for N = 60 one would 
have fl — 1.1 for all values of patch parameter q. Then, it is possible to show that for N = 
59.5 one would have Q = 1.3, whereas for N = 60.5 one would have Q = 1.03 corresponding 
to a marginally closed universe. Then, for N > 60 (i.e 0o < 11 x 10 5 k 1//2 , which q=l, 
0o < 3 x lO 5 /? 1 / 2 which q = 2 and 0o < 1-5 x lO 5 ^ 1 / 2 for q = 2/3) the universe becomes flat. 
Thus in order to obtain Q = 1.1 ± 0.05 one would need to have N = 60 with accuracy of 



about 1 



9] 



V. PERTURBATIONS 

The consequences of the dynamics of a closed inflationary universe, such as, slow roll 

3e real- 



parameters, density perturbations and tensor perturbations are quite complicate to 
ized, since it involves several contributions. As it was shown in Refs. jsl, [36, 49], 50 



51 



52|, 



in a closed inflationary universe model this correction should be somewhat modified during 
the very first stages of the inflationary period, at N = 0(1). For instance, if we consider 
N > 60 in order to solve the cosmological "puzzles", we may get rid of the corrections 
and consider the standard flat-space expressions which gives correct results for N > 3. In 



particular, the amplitude o 



inflation is defined in Ref. 53] 



scalar perturbations for a flat space, generated during tachyon 



H*V 1 



F ^UJ v- (42) 

One interesting parameter to consider is the so-called spectral index n s , which is related 
to P^ 2 (k) [53]. For modes with a wavelength much larger than the horizon (k aH), 
the spectral index n s is an exact power law, expressed by P^ 2 (k) oc fc ns_1 , where k is 
the comoving wave number. From WMAP five-year data it is obtained the values P-ji ~ 
2.4 x 10 -9 and the spectral index n s ~ 0.96 (ACDM model) . In tachyon inflationary 
models the scalar spectral index n s and the tensor spectral index tit are given by 

n s = l-2(2 ei -e 2 + e 3 ), (43) 

and 

n T = -2(e a - e 3 ), (44) 
12 
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FIG. 2: The plot shows the running of the scalar spectral index a s as a function of the n s . We 



have taken a = 10 



-10 



' ^2/3 



1(T 3 and we have used unit where m„ = 1. 



in the slow-roll approximation 53|, |54j, |55) . Here, the slow-roll parameters are denned by: 



H 



dV 



£3 



2HV 



(45) 



One of the features of the five-year data set from WMAP is that it suggests a significant 
running in the scalar spectral index dn s /d\nk = a s . From Eq. (143]) we obtain that the 
running of the scalar spectral index for our model becomes 



dric 



O'.s 



2V, 



where we have used that dink = —dN. 



(46) 
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In models with only scalar fluctuations, the marginalized value for the derivative of the 
spectral index is approximated to dn s /d\ak = a s ~ —0.03 for WMAP five-year data only 
3,3. 

In Fig. 2 we plot the running spectral index a s versus the scalar index n s . In doing this, 
we have taken three different values of the patch parameter q, for the same initial condition. 
We note that for n s = 0.97, we obtain a s ~ -0.0482, a s ~ -0.0003 and a s ~ -0.0005 for 
q — 1, q — 2, and q = 2/3, respectively. 

VI. CONCLUSION AND FINAL REMARKS 

In this paper we have studied a single tachyonic field in closed inflationary universe 
models in which the gravitational effects are described by patch cosmology. In this theory, 
the Friedmann equation has a complicated structure shown by Eq. ([2]) and in the limits of 
Gauss-Bonnet, high energy Randall Sundrum II model and 4D regime we obtain an effective 
Friedmann equation whose form is given by: H 2 ~ p q , where q = 2/3, q = 2 and q = 1 
for the GB, high energy brane world cosmology and 4D Einstein's Theory of Relativity, 
respectively. We studied the patch cosmologies for two different models, corresponding to a 
constant potential and to a self-interacting tachyonic potential given by V = Voexp(— A0), 
(A > 0). In the first scenario, we have considered a potential with two regimes, one where the 
potential is constant and another one where the effective potential sharply rises to infinity. 
In the context of Einstein's theory of GR, this model was studied by Linde Q with one 
standard scalar field. He showed that this model was not satisfactory because a constant 
potential implies that the universe collapses too soon or inflates forever. The tachyonic 
case was studied in Ref. (3^] in this model it was shown that it is less restrictive than the 
former. In our cases, we can fix the graceful exit problem because in patch cosmologies we 
have some extra ingredients related to the value of the patch parameter q and the patch 
gravitational constant K q , that allows to reach the value 2 = 2/3g, which is needed to 
terminate inflation, see Eq. (1211) . The inclusion of corrections to the gravitational theory 
changes some of the characteristic of the perturbations. For instance, in patch cosmologies 
we found that the characteristic of the running spectral index a s = (standard theory 



56l |) changes to a s 7^ by virtue of equation (|4"31 . In particular for n s = 0.97, we obtain 



a s ~ -0.0482, a s ~ -0.0003 and a s ~ -0.0005 for q = 1, q = 2, and q = 2/3, respectively. 
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These values are not far from the values given by WMAP five-year data 




Summarizing, we have been successful in describing a closed inflationary universe in a 
patch cosmology with a tachyon field theory. 
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